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Let Fn denote a family of disjoint n balls in Rd(d2), and let *=*(Fn) denote
the ratio (maximum radius)(minimum radius) among the balls in Fn . We prove
that (1) there is a unit vector u such that every line parallel to u intersects at most
O(- (1+log *) n log n) balls of Fn , and (2) there is a family Fn such that for any
unit vector u there is a line parallel to u that intersects at least n&d+1 balls of Fn .
 2001 Academic Press
1. INTRODUCTION
Alon et al. [1] proved the following result: For any family of n disjoint
unit disks in the plane, there is a unit vector u such that every line parallel
to u intersects at most O(- n log n) disks in the family. They also show that
this bound is sharp. On the other hand, it is (implicitly) proved in
[2, Theorem 1] that there is a family of disjoint n disks in R2 such that for
any unit vector u in R2, there is a line parallel to u that intersects at least
n&1 disks.
A piercing problem for a set of disjoint balls in R3 all sitting on a table
is considered in [3]. Let T be a table, that is, a rectangle in a horizontal
plane, and let Lp ( p # T) denote the vertical line through p. Among others,
it is proved in [3] that if n disjoint balls are sitting on a table T, then the
average number of balls pierced by Lp ( p # T ) is at most log n+o(1).
Let Fn denote a family of n disjoint (d-dimensional) balls in Rd, d2.
The ratio
(the maximum radius)(the minimum radius)
among the balls in Fn is called the max-min-ratio of Fn and is denoted by
*=*(Fn). For a unit vector u in Rd, let f (u , Fn) denote the maximum
number of balls in Fn a line parallel to u can intersect. In this paper we
prove the following.
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Theorem 1. For any Fn , there is a unit vector u such that f (u , Fn) is at
most O(- (1+log *) n log n).
Theorem 2. For any n>d, there is a family Fn such that f (u , Fn)
n&d+1 for every unit vector u .
Note that for any d disjoint balls B1 , B2 , ..., Bd in Rd, there is a unit
vector u such that every line parallel to u misses at least d&1 of Bi ’s.
Hence n&d+1 in the above theorem is best possible in general.
2. SOME LEMMAS
Lemma 1. In the plane, let Di (i=1, 2, ..., m) be mutually non-overlap-
ping disks inscribed in an angular region with angle 2% (<?). Let ri be the
radius of Di , and suppose that r1<r2< } } } <rm . Then
rm
r1
\1+sin %1&sin %+
m&1
with equality only when D i is tangent to Di+1 for i=1, 2, ..., m&1.
Proof. It will be clear that rmr1 takes the smallest value when Di is
tangent to Di+1 for i=1, 2, ..., m&1. So, we suppose this. Let s+r1 be the
distance between the vertex of the angle and the center of the disk of radius
r1 . Then, since ri+1=(s+2r1+ } } } +2ri+r i+1) sin %, we have
ri+1=(s+2r1+ } } } +2r i)
sin %
1&sin %
.
Hence ri+1&r i=2r i sin %(1&sin %), and hence
ri+1 ri=1+2 sin %(1&sin %)=(1+sin %)(1&sin %),
that is, the sequence r1 , r2 , ..., rk is a geometric progression with common
ratio (1+sin %)(1&sin %). Hence the lemma follows. K
Lemma 2. Let D be a disk intersecting two rays PQ1

, PQ2

(MQ1PQ2<?) in the plane, and suppose P  D. Then D contains a disk D$
that is tangent to both rays PQ1

, PQ2

.
Proof. Let x be the center of D, and let qi be the foot of perpendicular
line from x to PQi

. Then one of the line-segments xq1 , xq2 , say, xq1 inter-
sects the line bisecting the angle MQ1PQ2 at a point x$. Then the circle
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with center x$ passing through q1 is tangent to both PQ1

, PQ2

and
contained in D. K
Lemma 3. Let P, Q1 , Q2 be three non-collinear points in Rd, and let
2%=MQ1PQ2 . Then the number of balls in Fn that intersect both rays
PQ1

, PQ2

is at most O((1+log *)%), regarding *=*(Fn) as a function of n.
Proof. We may suppose that the radius of the smallest ball in Fn is 1.
Let PM

be the ray in the plane Q1PQ2 bisecting the angle MQ1 PQ2 , and
let X be the point on PM

at distance 1sin % from P. Then the radius of
a ball that intersects both rays PQ1

, PQ2

without intersecting the line-
segment PX is greater than 1.
(i) The number m1 of balls in Fn that intersects the line-segment PX
is at most the number of disjoint unit balls that can touch the line-segment
PX. Such unit balls are contained in the set 0 of points within distance 2
from the segment PX. Since the volume of 0 is O(1sin %) and since sin %>
2%? for 0<%<?2, we have m1=O(1%).
(ii) Let B1 , ..., Bm2 be the balls in Fn that intersect both rays
PQ1

, PQ2

without intersecting the segment PX. Let E denote the plane
Q1 PQ2 , and let Di=E & Bi . Let Di$ be the disk contained in Di and
inscribed in the angle MQ1PQ2 for i=1, 2, ..., m2 . Then since each D$i does
not intersect the segment PX, its radius is greater than 1. Since the radius
of the largest Di$ is less than or equal to *, it follows from Lemma 1 that
log *(m2&1) log \1+sin %1&sin %+ .
Since log(1+sin %)&log(1&sin %)>2% for 0<%<?2, we have m2<
(log *)(2%)+1. Therefore m1+m2=O((1+log *)%). This proves the
lemma. K
Lemma 4. Let Fn be a family of n disjoint balls in Rd, and let L1 , L2 be
two lines in Rd intersecting at angle 2% (?2). Then the number m of balls
that intersect both lines is at most O((1+log *)%).
Proof. Let P be the intersection of L1 , L2 . Then the two lines L1 , L2
are divided into four rays emanating from P. Then m is the number of
those balls in Fn that intersect at least two of the four rays. Hence by the
above lemma, the number of balls that intersect both L1 , L2 is at most
2O((1+log *)%)+2O((1+log *)(?2&%))=O((1+log *)%). K
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For two lines L1 , L2 in skew position in Rd, the angle of L1 , L2 means
the angle (?2) determined by L1 and the line intersecting L1 and
parallel to L2 .
Lemma 5. Let Fn be a family of disjoint n balls in Rd, and let L1 , L2 be
two lines in skew position with angle 2%. Then the number of balls intersecting
to both L1 , L2 is at most O((1+log *)%). K
Proof. Let P1P2 (P1 # L1 , P2 # L2) be the shortest line-segment con-
necting L1 , L2 . Let K2 be the line passing through P1 and parallel to L2 ,
and let K1 be the line passing through P2 and parallel to L1 . Suppose a ball
B contains a point Xi on Li , for i=1, 2. Then there is a point Yi on Ki for
i=1, 2, such that X1Y1X2Y2 forms a rectangle. Then the ball B must con-
tain either two points X1 , Y2 or two points X2 , Y1 . Therefore, if a ball
intersects both L1 , L2 then it either intersects both L1 , K2 or intersects
both K1 , L2 . Since the angle of L1 , K2 (and the angle of K1 , L2) is 2%, the
number of balls intersecting both L1 , L2 is at most O((1+log *)%). K
3. PROOF OF THEOREM 1
We follow the idea used in [1]. Let k=w- n(log n (1+log *))x ,
2%=?k, and for 0i<k, let u i=(cos 2i%, sin 2i%, 0, ..., 0). Let Li be the
line parallel to u i such that among the lines parallel to u i , Li intersects the
largest number of balls of Fn . Then for i{ j, the angle of Li and Lj is
2 |i& j | %, and by Lemma 4 or 5, the number of balls that intersect both
Li , Lj is at most
O((1+log *)( |i& j | %))=O((1+log *) k|i& j | ).
Hence, for each fixed i (0i<k), the number of balls that intersect Li and
at least one of other Lj ’s is at most
O \(1+log *) k :
k&1
j=1
1j+=O((1+log *) k log k)=O(- (1+log *) n log n).
Since the total number of balls is n, there exists an h (0h<k) such that
the number of balls that intersect only Lh is at most nk, which is
O(- (1+log *) n log n). Hence the total number of balls that intersect Lh
is at most
O(- (1+log *) n log n)+O(- (1+log *) n log n),
that is, O(- (1+log *) n log n). This proves the theorem. K
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4. PROOF OF THEOREM 2
Let B be a ball in Rd. For a point P  B, the set
.
X # B
PX

is called a right spherical cone with apex P, and the ball B is said to be
inscribed in the cone. A right spherical cone with apex the origin O is
represented by using a unit vector u and a positive constant c, as
{x # Rd } x {O and x } u&x &c=_ [O],
where } denotes the inner product.
We use the following lemma, whose proof will be clear.
Lemma 6. Let F be a finite family of disjoint balls in Rd. Then for any
right spherical cone, there is a ball inscribed in this cone that intersects no
balls in F.
Now we proceed to the proof of Theorem 2. Let Vn=[a i | i=1, 2, ..., n]
be a set of n unit vectors in Rd such that any d vectors in Vn are linearly
independent. Such Vn clearly exists. For a unit vector u and a subset
Sd /Vn consisting of d vectors in Vn , define f (Sd , u ) by
f (Sd , u )=max
a i # Sd
|u } a i |.
Then, since any d vectors in Vn are linearly independent, f (Sd , u )>0. Let
g(Sd)=min
u
f (Sd , u ).
(Since the set (of the end points) of unit vectors in Rd is compact, g(Sd)
exists.) Finally, let g0 be the minimum value of g(Sd) for all d-subsets Sd
of Vd . Then g0>0. For each a i # Vn , define an open cone 4i by
4i={x # Rd } x {O and x } a i&x & >g0 2= .
We claim that if a line L passes through the origin, then L intersect at
least n&d+1 of 4i s. To see this, let u be a unit vector lying on L. Then
for any d-subset Sd , we have f (Sd , u )g0>g02. Hence, at least n&d+1
of a i s satisfy that |u } a i |>g0 2. Therefore, L intersects at least n&d+1
open cones 4i .
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Now, we choose balls Bi , i=1, 2, 3, ..., n, in the following way:
(1) B1 is a ball inscribed in the closed cone 4 1 (the closure of 41).
(2) B2 is a ball inscribed in 4 2 and disjoint from B1 .
(3) B3 is a ball inscribed in 4 3 and disjoint from Bi (i=1, 2).
(4) B4 is a ball inscribed in 4 4 and disjoint from Bi (i=1, 2, 3).
(5) Repeat the same process until Bn .
Such balls Bi , i=1, 2, 3, ..., n, indeed exist by Lemma 6. Let Fn be the
family of these n balls. Then, for any unit vector u , the line passing through
the origin with direction u intersects at least n&d+1 open cones 4i , and
hence the line intersects at least n&d+1 balls of Fn . K
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